A regularized algorithm for local emission reconstruction in spectroscopic tomography  by Salakhov, M.Kh. & Shcherbakova, N.K.
A Regularized Algorithm for Local Emission 
Reconstruction in Spectroscopic Tomography 
M. Kh. Salakhov and N. K. Shcherbakova 
Faculty of Spectroscopy 
Kazan State University 
Lenin Street, 18 
Kazan, 420008, USSR 
Submitted by Gabor T. Herman 
ABSTRACT 
A regularized algorithm using the inverse Radon transform for the solution of 
problems in plasma tomography is proposed. To improve the reconstruction quality, 
the application of additional a priori knowledge obtained from spectroscopic mea- 
surements is suggested. That can be information on the probable smooth dependence 
of the reconstructed function on the wavelength. Efficient algorithms are presented. 
Their efficiency is demonstrated by mathematical experiments. 
INTRODUCTION 
The development of diagnostic methods of plasma study has led to the 
application of techniques and algorithms of computerized tomography (CT) 
[ll. 
The major difference between plasma and medical tomography is the 
difficulty in obtaining an overall view of the object in the former case. Few 
viewing angles are available to determine a tomographic image reconstruc- 
tion when experimental data are insufficient. In such conditions the solution 
and the application of regularized algorithms require the application of 
additional a priori knowledge. 
The application of additional knowledge obtained from spectroscopic 
measurements makes it possible to improve the reconstruction quality. Since 
it is reasonable to assume a smooth dependence of the reconstructed function 
on the wavelength, its inclusion in the complex processing of the data holds 
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promise for further improvement of the reconstruction quality. Such a 
synthesis of spectroscopy and tomography is called spectral tomography (ST) 
[2]. In this paper a regularized algorithm incorporating all spectroscopic 
information necessary for the reconstruction of the local emission coefficient 
is described. That algorithm makes it possible to use information about 
smoothness of the reconstructed function with respect to wavelength and to 
increase the quality of reconstruction. 
BASIC RELATIONS 
In the spectroscopic study of plasma the spectral intensity I is the 
measured quantity. Neglecting reflection and scattering, the equation of 
radiative transfer in a nonhomogeneous plasma is 
For an optically thin radiative plasma [x(x, y, A) = 0], the emission intensity 
in the direction 5 is written 
Z(p,S,A) =1;12~(x,y,A)& 
I 
(2) 
where p,c are the geometric parameters of the line of sight (5 is the angle 
characterizing the direction of measurement, and p is the distance from the 
given point in the zone of measurement), and E(X, y, A) and x(x, y, A) are the 
local profiles of emission and absorption coefficients. 
Equation (2) is, with respect to E(X, y, A), an integral equation of the first 
kind, which, assuming axial symmetry, can be reduced to Abel’s integral 
geometry with the Radon transform of the fimction E [I]: 
R[+,y,A)] = I(p,t,A). (3) 
In the polar coordinate system (r,(9), one form of the inverse Radon 
transform is written [l] 
~(r,O,h) = &/“jm ___ 1 az(P,E>A) dpd5 
8P 
pa=rsin(B-t), 
0 -mPo-P 
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or in operator form 
where B is the back-projection operator. To the function t of two variables is 
assigned another function Bt of two polar variables whose values at any 
given point (t-,0) are given by 
H is the Hilbert transform operator relative to the first variable: 
The integral in (7) should be viewed as a Cauchy principal value, i.e. 
(6) 
(7) 
(8) 
D, is the operator of differentiation with respect to the variable p. 
REGULARIZING ALGORITHM 
The main feature of all problems of the type (2) is the fact that they are 
ill-posed [3,4]. Since the measurement results for Z are approximate, one can 
speak only of an approximate solution of (3). To obtain such a solution, 
particularly when the number of viewing angles is limited, one must use 
regularization methods [3, 41. In the formulation equation (5) ill-posedness is 
primarily exhibited in the numerical differentiation of the experimental 
distribution of Z(p,t, A). In this paper we use an algorithm for numerical 
differentiation of multidimensional functions based on the statistical regular- 
ization method (SRM) [4-61. 
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The differentiation problem is solved by calculating the operator in any 
given point, 
where 9 is the k th derivative of f and D (k) = dk/dtk. Normally, within the 
SRM framework an algebraized variant of the problem allowing for the 
measurement errors is taken into consideration. For (9) the regularized 
solution is written in the form 
lp, = D’k’( W + &k’Tfl(z)D(k)) -‘W’, (10) 
where W-r is the covariant matrix of errors of the function f, and CC’) is a 
positive definite symmetric matrix allowing for the smoothness of (p,. CP 
has the form CL(‘) = D(‘)D(l’T [6], w h ere 1 is the order of smoothness. Usually 
2 is equal to 2. The regularization parameter a can be chosen in the form 
The application of this approach to the differentiation problem in the form of 
(9) allows generalization to multidimensional arrays [6, 91. Assuming that the 
two-dimensional array of experimental data corresponds to the discretization 
of a two-dimensional function G(x, y) on a regular Cartesian grid, the 
two-dimensional numerical differentiation can be written in the form 
@(x,y) = D”‘G(x,y)D”“‘* x Y . (12) 
Making use of (10) and (121, one can write a regularized solution in the form 
D(zm) = D(z)@ D;“‘, 
XY r wxy = WX@WY> 
Here a?$) and C$,!‘2) are one-dimensional stabilizers in the r and y 
directions respectively, W, and WY are the covariant matrices of errors with 
respect to the x and y coordinates, and 8 stands for the direct matrix 
product. The equation for the evaluation of (Y is written similarly. For the 
tomography problem we have a three-dimensional array Z(p, 5, A). 
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If one uses the approach described in [i’], when the number of projections 
is small, their prior interpolation is carried out with the “generation” of 
missing projections, and it is necessary to make an interpolation with respect 
to the coordinate p or 5. In the general case it is necessary to consider the 
distortion of the apparatus with respect to the coordinate A. That also can be 
included in the common algorithm. To obtain the required function the 
experimental data should be differentiated with respect to p (operator DF) 
and interpolated with respect to 5 or p (operator S), and the apparatus 
function should be taken into consideration with respect to A (operator C). 
In operator form, 
& = cpp,* = (D;“eSeC)z. (14) 
Within the SRM framework the regularization solution (10) can be 
written in the form 
&=Z(W+aZTi2z)-1Wz, (15) 
where Z = Di”@S@C and W= W,@W,@W,. Here W,,W,, W, are the 
covariant matrices of errors for the first (p), second (0, and third (A) 
coordinates respectively. If S = E (E is the unit matrix) and C = E, smooth- 
ing is done with respect to 5 and A. Thus all experimental data can be taken 
into consideration in Equation (15). 
In addition, the suggested approach makes it possible to construct 
efficient multidimensional algorithms using block-circulant-matrix algebra 
[6]. The circulant matrix is the square n X n matrix which can be made up 
from the first column elements by the rule 
j-k>,0 
j-k<O, j,k=O ,..., n-l. 
The vector v is termed a generating vector. Let us denote by F the circulant 
matrix of Fourier transform coefficients, and by F* the hermitian transpose 
of F. A remarkable property of circulant matrices is the possibility of 
diagonalization with the help of the discrete Fourier transform: 
FYF* = w’, 
where the elements of the diagonal matrix of the eigenvalues are given by 
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the discrete Fourier transform of the generating vector, 
n-l 
i 
. . 
wi= C vjexp -2~rm~ . 
j=O n ) 
This property makes it possible to reduce considerably the amount of 
computation and the required capacity of computer memory. 
The application of circulant-matrix algebra in the numerical differentia- 
tion problem is made possible by reducing the matrix D to the circulant 
form 
D(1)= -(Ax)-‘(E-&n--‘). 
x (16) 
Here H’ is a superdiagonal unitary matrix, II”-’ is a unitary subdiagonal 
matrix raised to the (n - l)th power, and Ax is the grid spacing. E is the 
unit matrix. 
Using the properties of circulant matrices, the solution (10) is written in 
the form 
@a = F*wD [ ww + 4 4) tr+l)(~D)‘+l] -‘cc~,Ff, (17) 
where or, is the diagonal matrix of eigenvalues of the matrix D, 1 is the 
order of smoothness of the reconstructed function, and ow is the diagonal 
matrix of eigenvalues of the matrix W. If the dispersion of errors is c2, then 
W = a2E and it keeps its form. 
Bearing in mind that, in practice, the Fourier transform (17) can be put in 
the form of a fast Fourier transform, it is possible to reduce considerably the 
required computer memory and the amount of computation. Using (17), one 
can write the solution (15) in circulant form. In the case of S = E and C = E 
the whole diagonalization of equation (17) is accomplished by the transform 
FBFBF. 
NUMERICAL RESULTS 
On conducting the experiment we must compare the reconstructed image 
with the original one. We introduce the following difference measure be- 
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tween the images: 
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A= 
J 
(18) 
where zai are the true values of the vector, and zi the reconstructed ones on 
the grid. In conducting the numerical modeling we took a standard pair of 
functions [8] related to each other by the Radon transform 
Z(p,c$,A)= ~CiJI;[a~~OS2(rp,i+~)+b~Sin"(B,i+~)]-1'2 
i=l 
afbf( p - (poi cos 5 + xoi sin 6)” 
af cos2( qoi + S) + bf sin2(qai + 6) 
*(A), 
where ci = 5, c2 = 10, cg = 2.5, (pal = (po2 = cpo3 = 0, a, = 9.5, a2 = 4.5, a3 = 
9.5, yol = - 0.5, yo2 = 0, yo3 = 0.5, b, = b, = b, = 4.5, xol = xo2 = xo3 = 0. 
Experimental noise was introduced with the help of a random-number 
generator in proportion to the maximum value of Z(p, e, A). 
Figure 1 shows the dependence of the reconstruction errors (18) on the 
number of projections, K; the number of detectors, N, in each direction; and 
the number of measurements at each wavelength, M. (The experimental 
noise is about 0.5 percent of I,,,.) 
Figure 2 shows the dependence of reconstruction errors on the experi- 
mental noise in the case of inclusion in the algorithm of different representa- 
tions of prior knowledge of the smoothness of the reconstructed function. AS 
is shown by the analysis of the numerical experiment, the use of SRM 
appreciably improves the reconstruction accuracy. Evan better results are 
obtained with the inclusion of 3D SRM in the algorithm. 
The dependence of reconstruction errors on the experimental noise in the 
case of generation of additional projections is shown in Figure 3. 
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FIG. 1. The dependence of reconstruction errors (18) on the number of detec- 
tors, K (curve 1); on the number of projections, N (curve 2), and on the number of 
measurements at each wavelength, M (curve 3). Curve 1: N = M = 8; experimental 
noise is 0.5 percent of I,,. Curve 2: K = M = 8; experimental noise is 0.5 percent of 
I,,,. Curve 3: K = N = 8; experimental noise is 0.5 percent of I,,. 
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FIG. 2. The dependence of reconstruction errors on the experimental noise 
(N = K = A4 = 8). Curve 1: without regularization. Curve 2: with regularization with 
respect to p. Curve 3: with regularization with respect to p and 5. Curve 4: with 
regularization with respect o p. 5, and A. 
CONCLUSION 
Our numerical experiments have demonstrated the efficiency of the 
proposed regularizing algorithm for emission tomography when only a small 
number of viewing angles are available. To improve the reconstruction 
quality we suggest using the additional knowledge obtained from spectro- 
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FIG. 3. The dependence of reconstruction errors on the experimental noise. 
Curves 1,l’: N = K = M = 8. Curves 2,2’: with interpolation with respect to A 
(K = 15, N = (M = 8). Curves 1,2: without regularization. Curves l’, 2’: with regular- 
ization. 
scopic measurements. The SRM modification worked out for this purpose 
permits the simultaneous use of all the available data. 
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